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Target Audience: Researchers interested in MR-based electrical properties measurement and mapping.  
Introduction: MR-based electrical properties tomography (MREPT) computes relative permittivity (߳௥) and 
electrical conductivity (ߪ) from the Laplacian of the RF field map (e.g., ܤଵା) in tissue [1,2]. In many cases the 
random noise in the input (ܤଵା map) is amplified by the Laplacian to limit the SNR of the calculated ߳௥ and ߪ. It 
is known experimentally that the SNR of MREPT rapidly degrades with decrease of the main magnetic field (ܤ଴) 
[3], and is sensitive to the choice of the Laplacian calculation method. Here we analytically derive formulas for 
the SNR of MREPT that relate the input and the output noise in MREPT, and quantify the effect of ܤ଴ strength 
and the region-of-interest (ROI) size on the SNR. SNR in phantom experiments is compared with the theory. 

Theory: MREPT equations. We start with the MREPT equations Eqs. (1,2). Numerical computation of ߘଶܤଵା 
involves multiple voxels in a region centered at a voxel of interest; we will call such a region an ROI. For a given 
ROI, most published methods to compute ߘଶܤଵା from ܤଵା— such as the integral method, difference equation, and 
least-squares polynomial fitting — are linear in ܤଵା and can be generalized as ׏ଶܤଵା ൌ ∑ ଵ,௩ାܤ ڄ ݃௩௩אோைூ ؠ  ,௚ۄଵାܤۃ
where ݃௩ is a real-valued, linear Laplacian kernel. Using this, we rewrite Eqs. (1,2) as Eqs. (3,4), where we also 
replaced ܤଵା by its "estimator" in the ROI, ܤۃଵାۄ. Exact definition of ܤۃଵାۄ is unimportant; e.g., it can be an 
average of ܤଵା in the ROI. Next, we define auxiliary variables ܾ௥ and ܾ௜, Eqs. (5,6), which are the real and 
imaginary parts of the ܤଵା map scaled by ܤۃଵାۄ. Eqs. (3,4) are then equivalent to Eqs. (7,8).  

Noise. We assume that |ܤଵା| and ܤסଵା maps are separately acquired so their noise is independent. Furthermore, 
each voxel has a statistically independent and voxel-independent amplitude noise Δ|ܤଵା| and phase noise Δܤסଵା; 
the symbol Δ denotes statistical uncertainty. The SNR of ܤଵା is defined as ܴܵܰ|஻భశ| ؠ ஻భశסܴܰܵ ,|ଵାܤ|തതതതതതതത/Δ|ۄଵାܤۃ| 1ؠ ሺΔ⁄ ) ଵାሻ; here the barܤס ഥ ) denotes a statistical expectation value. The noise in ܾ௥ and ܾ௜ can be approximated 
by Eqs. (9,10) under the following realistic conditions: (i) true spatial variation of ܤଵା in the ROI is weak 
compared to |ܤۃଵାۄ|തതതതതതതത, and (ii) ܤۃଵାۄ has lower statistical uncertainty (because it is averaged over many voxels) than ܤଵା of individual voxels. Eqs. (11,12) express the fact that statistical uncertainty of the weighted sum of a variable 

(ܾ௥ or ܾ௜) equals that of the variable itself 
times the root sum of squares (rss) of the 
weighting function (݃).  

Minimum-noise Laplacian kernel. It can be 
shown that among all linear Laplacian kernels, the one based on the Savitzky-Golay filter has the lowest rss value 
[4]. For such a kernel, the rss is given by Eq. (13), where ௧ܰ௢௧ is the number of voxels in the ROI, ܮ is ROI's 
linear dimension, and ܩ is a factor that depends on the ROI shape; a disc with diameter ܮ has ܩௗ௜௦௖ ൌ 32√3 and a 
sphere with diameter ܮ has ܩ௦௣௛௘௥௘ ൌ 20√21. Finally, the noise in ߳௥ and ߪ can 
be obtained from Eqs. (7,8) as Eqs. (14,15). Substituting Eqs. (11-13) to Eqs. 
(14,15), followed by substitution of Eqs. (9,10) leads to our main results, Eqs. 
(16,17). 
Methods and Results: Three cylinders filled with salt water with different 
concentrations were scanned in a GE Discovery 3.0 T MR750 scanner for |ܤଵା|  
(Bloch-Siegert) and ܤסଵା (1/2 spin echo phase) maps in an axial orientation. The 
diameter of cylinders was 85 mm. Dielectric probe measurements yielded 
reference 1.76 ,1.11 ,0.45 = ߪ [S/m] for the three cylinders, and reference ߳௥ = 
74 was estimated by low-noise MREPT reconstruction. The |ܤଵା|, ܤסଵା map 
scans were repeated 15 times. Each time ߳௥ and ߪ were computed at the center of 
the cylinder in a 2D circular ROI of varying diameters, 30~6 = ܮ mm; slice-
direction variation of ܤଵା was ignored due to axi-symmetric geometry. A 
Laplacian kernel based on the Savitzky-Golay filter was used for reconstruction. 
Standard deviation of ߳௥ and ߪ over the 15 measurements and the reference 
values were used to compute the MREPT SNR, to be compared with predictions 
of Eqs. (16,17) with ܩ ൌ  ௗ௜௦௖. Experimental and theoretical SNR agreedܩ
reasonably well for small ROI, up to about 12 = ܮ mm (Fig. 1). For larger ROI, 
measured SNR was generally lower than theory.  
Discussion: Rapid initial increase of measured SNR in ߳௥ and ߪ with the ROI 
size was correctly predicted by our theory. Failure of continued fast rise in SNR 
can be attributed to spatially correlated noise in measured ܤଵା maps, analogous to 
scanner-dependent correlated noise in fMRI data [5]. Eqs. (16,17) also predict 
how MREPT SNR depends on ܤ଴ (through ߱). Rapid rise of ܴܵܰఢೝ with ܤ଴ agrees with ref. [3]. Our results can provide a guide for experimental 
design in MREPT by quantifying the random noise-limited SNR in MREPT. 
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߳௥ ൌ െ 1߱ଶ߳଴ߤ଴ ܴ݁ ቆߘଶܤଵାܤଵା ቇ  ሺ1ሻߪ ൌ ଴ߤ1߱ ݉ܫ ቆߘଶܤଵାܤଵା ቇ             ሺ2ሻ߳௥ ൌ െ 1߱ଶ߳଴ߤ଴ ܴ݁ ቆܤۃଵାۄ௚ܤۃଵାۄ ቇ ሺ3ሻߪ ൌ ଴ߤ1߱ ݉ܫ ቆܤۃଵାۄ௚ܤۃଵାۄ ቇ            ሺ4ሻܾ௥ ؠ ܴ݁ ቆ ቇۄଵାܤۃଵାܤ   ሺ5ሻܾ௜ ؠ ݉ܫ ቆ ቇۄଵାܤۃଵାܤ   ሺ6ሻ߳௥ ൌ െ 1߱ଶ߳଴ߤ଴ ௚ۄ௥ܾۃ   ሺ7ሻߪ ൌ ଴ߤ1߱ ௚ۄ௜ܾۃ               ሺ8ሻΔܾ௥ ൎ 1ܴܵܰห஻భశห   ሺ9ሻΔܾ௜ ൎ ஻భశס1ܴܵܰ  ሺ10ሻΔܾۃ௥ۄ௚ ൌ Δܾ௥ ڄ ሺ݃ሻݏݏݎ   ሺ11ሻΔܾۃ௜ۄ௚ ൌ Δܾ௜ ڄ ሺ݃ሻݏݏݎ    ሺ12ሻݏݏݎሺ݃ሻ ൌ ௧ܰ௢௧ଵܩ  ଶ⁄ ଶܮ ሺ13ሻ
Δ߳௥ ൌ 1߱ଶ߳଴ߤ଴ ڄ Δܾۃ௥ۄ௚    ሺ14ሻΔߪ ൌ ଴ߤ1߱ ڄ Δܾۃ௜ۄ௚.         ሺ15ሻ

 
Figure 1. Experimental (top) vs theoretical (bottom) SNR in MREPT as a 
function of the ROI diameter in pixels (ൌ ௫ܰ, 1 pixel = 1.17 mm). 
Cylinders 1,2,3  had ߪ ൌ 0.45, 1.11, 1.76 S/m, respectively. Error bar in 
the experimental SNR, due to finite (15) sample size, is about ±20% [6]. 

ܴܵܰఢೝ ؠ ߳௥ Δ߳௥⁄ ൌ ܴܵܰ|஻భశ| ڄ ඥ ௧ܰ௢௧ ڄ ߱ଶ߳଴߳௥ߤ଴ ڄ ሺ16ሻܴܵܰఙ   ܩ/ଶܮ ؠ ߪ Δߪ⁄  ൌ ஻భశסܴܰܵ ڄ ඥ ௧ܰ௢௧ ڄ ଴ߤߪ߱ ڄ ሺ17ሻ             ܩ/ଶܮ
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