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INTRODUCTION Compressed sensing (CS) MRI exploits the ability of an image to be represented with few coefficients in a sparse domain to reconstruct 
undersampled k-space data without aliasing artifacts [1]. Typically, orthogonal sparsifying transforms such as the discrete wavelet transform (DWT) are used 
in compressed sensing MRI due to their fast implementation [1]. The disadvantages of DWT, however, are that it is shift variant, lacks directionality, and is 
not efficient when dealing with point singularities in natural images [2]. Overcomplete wavelet transforms, such as the dual-tree wavelet transform (DTWT) 
and curvelets, have been demonstrated to improve reconstruction performance in 2D images [3, 4]. However, they are not often used due to their 
computational complexity and minimal improvement in reconstruction when using a globally constant threshold. In this work, we propose to optimize 
compressed sensing reconstructions in 3D images using overcomplete wavelet transforms by (1) using local thresholds that adapt to the signal power in each 
band and (2) decreasing the thresholds for each step of the iterative reconstruction algorithm such that broad image features are reconstructed in the early 
iterations and sharp image features are reconstructed in the later iterations. Performance is demonstrated in retrospectively undersampled 3D coronary MRA 
(CMRA) and 3D brain datasets. 
METHODS 
Image reconstruction in CS aims to solve the optimization problem ||Fum- y||2 + λ||Ψm||1, where Ψ is the sparsifying transform, m is the reconstructed image, y 
is the k-space data, Fu is the undersampled Fourier transform and λ is a regularization parameter that controls the tradeoff between data consistency and 
sparsity [1]. In overcomplete transforms such as the DTWT or curvelets, different bands of coefficients are generated and grouped together in separate cell 
arrays. Thus, in our work, instead of using a constant regularization weight for all bands, the weight is changed by adapting to the maximum value of each 
band. Additionally, the weight in the first iteration is set to a relatively high number in order to capture the significant coefficients first, and then decreased in 
each of the following iterations by a constant in order to capture more of the high-frequency coefficients. In the following reconstructions, these two schemes 
are combined and applied with the overcomplete transforms; we denote this as the adaptive decreasing threshold method. The 3D DWT was chosen as a 
reference to evaluate the performance of 3D DTWT and 3D curvelets using the adaptive decreasing threshold method.  
Reconstruction algorithms were tested via a retrospective undersampling simulation on 3D CMRA and 3D brain image datasets. For the fully-sampled CMRA 
dataset, a healthy volunteer was scanned on a 1.5T scanner (MAGNETOM Avanto, Siemens AG, Erlangen, Germany) equipped with a 32-element cardiac 
receive array (Invivo) in the transverse plane, with matrix size 192 x 192 x 80 and spatial resolution 1.8 x 1.8 x 1.8mm3. Twelve-fold retrospective 
undersampling was performed on this dataset by multiplying a variable density random undersampling mask accelerated along the ky and kz directions. The 
undersampled CMRA data was reconstructed with an iterative soft thresholding algorithm (ISTA), which enforced joint multi-coil sparsity as described in [7]. 
For the 3D brain dataset, a patient was scanned using a golden angle (GA) radial trajectory in the transverse plane on a 3T scanner (MAGNETOM Verio, 
Siemens AG, Erlangen, Germany) equipped with a 12-channel birdcage head coil. The base resolution was 192, and 300 spokes were continuously acquired 
in each of 30 total partitions. Retrospective undersampling was performed by selecting only 24 spokes in each partition. In order to increase incoherence, the 
selected spokes were different in each partition. The undersampled brain image was reconstructed with a non-linear conjugate gradient (CG) algorithm which 
included a radial gridding operator using NUFFT [8]. Reconstructions using 3D DWT and the aforementioned adaptive decreasing threshold method in 3D 
DTWT and 3D curvelets were performed in both CMRA and brain datasets. Additionally, the performance of the adaptive decreasing threshold method with 
3D DTWT was compared with the use of a globally constant threshold in 3D DTWT on the undersampled CMRA dataset. 
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Figure 1 and Figure 2 show one slice of the fully sampled 3-D CMRA and 3D brain images, respectively, along 
with the reconstructed images using 3D DWT, adaptive decreasing threshold with 3D DTWT and adaptive 
decreasing threshold with 3D curvelets. For both the CMRA and brain datasets, the DTWT and curvelets yielded 
improved results. Specifically, in the reconstructions using DTWT and curvelets, the coronary artery is more 
distinguishable than for DWT, as indicated by the red arrows. Figure 2 shows that the overcomplete transforms 
are better at preserving the curves in the image (indicated by the arrows).   Figure 3 illustrates a comparison of 
3D DTWT with and without the adaptive decreasing threshold method, and it shows that the adaptive decreasing 
threshold method produces a sharper image than does use of a constant threshold.  
DISCUSSION 
In order to take full advantage of overcomplete wavelet transforms in CS reconstructions, it is necessary to adapt 
the threshold to the signal power in each of the several levels of decomposition. 3D images can highly benefit 
from overcomplete transforms because the curvatures in the additional dimension can be exploited. Future work 
will explore methods of decreasing computational complexity in reconstructions using overcomplete transforms.  
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Figure 1. Representative slice from fully sampled 3D CMRA dataset and 
12-fold retrospectively undersampled data reconstructed using DWT, and 
DTWT and curvelet with adaptive decreasing threshold method. 
 

Figure 3. Retrospectively 
undersampled (R=12) CMRA 
reconstructions. L: DTWT 
without and R: with adaptive 
decreasing threshold method. 
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Figure 2. Representative slice from a fully sampled 3-D brain dataset and 
retrospectively undersampled (24 out of 300 spokes) data reconstructed using 
DWT, & DTWT and curvelet with adaptive decreasing threshold method. 
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