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Introduction: Previous studies have proposed that the resolution limit (dmin) in diffusion MRI scales with the inverse cube root of the maximal gradient strength (gmax), 
according to dmin ∝ gmax

-1/c with c = 3 [1, 2]. Current diffusion MRI protocols allow the diameters (d) of axons to be estimated in the human brain using clinical MRI 
scanners if wider than approximately 3-4 µm [3]. For axons with smaller diameters, the signal attenuation perpendicular to the axon becomes very low, so that their 
signal attenuation curves become inseparable from those that would arise if the diameter were zero [2]. This phenomenon gives rise to a resolution limit, below which 
structures of varying sizes cannot be distinguished [1, 2]. In this study, we present a careful analysis of the scaling laws of the resolution limit in diffusion MRI and 
show that as we move away from the approximations intrinsic to q-space analysis, c reduces to around two improving prospects for in vivo axon diameter estimation.  

Theory: Two dimensionless variables α and β will be helpful in the analysis, defined according to α = 4δDi/d2 and β = 4ΔDi/d2, where δ is the duration of the diffusion 
encoding gradients, Δ is the time between their leading edges, Di is the intrinsic intra-axonal diffusion coefficient, and d the axon diameter. The radial apparent 
diffusion coefficient of the intra-axonal water, which is restricted in its diffusion, is given by RDr = 7Di/48 (αβ - α2/3)-1, given that α >> 1 [4]. 
We define the resolution limit as the diameter below which the estimated value of RDr is inseparable from zero, i.e. when RDr(dmin) = λ95% σ(RDr), where λ95% = 1.96, 
and σ(⋅) is the standard error. For a measurement performed with diffusion encoding perpendicular to the axons with two b-values (0 and b), the standard error is given 
by σ(RDr) ≈ 21/2/b⋅SNR, where SNR is the signal-to-noise ratio and under the assumptions that RDr ≈ 0 and that only intra-axonal water contributes to the signal. Since 
the maximal value of RDr is found when Δ = δ, the resolution limit is given by 

dmin ∝
Di

1/4

δ 1/4 ⋅ g1/2⋅ SNR1/4
 

(1) 

In model based diffusion MRI, the resolution limit could hence scale as gmax
-1/2, assuming that δ does not change with gmax. Protocols for scanners having stronger 

gradients would thus feature b-values scaling with gmax
2. If the maximal b-value is constrained, for example, due to noise considerations, δ would scale proportional to 

g-2/3, which would cause dmin to scale according to gmax
-1/3, as previously proposed [2].  

Method: In order to verify the theoretical analysis, simulations were performed where synthetic measurements were generated from the minimal model of white 
matter, defined according to S(b,n) = S0{[1-fr] exp(-bn⋅Dh) + fr⋅exp(-bn⋅Dr)}, where n represents the direction of the diffusion encoding and Di = uTu(ADi−RDi) + I RDi 
with u fixed to u = (1,0,0). This model has five free parameters: S0, fr, AD, RDh and d, since identical axial diffusivities (ADi) were assumed in the restricted (r) and 
hindered (h)  components, i.e. ADh = ADr. We also assumed that Di = AD.  
To determine the resolution limit empirically, both the very minimal model, identical to the minimal model but with d fixed to zero, and the minimal model was fitted 
to the synthetic measurements. Prior to the fitting, Rician noise was added to the synthetic measurements. For each realization of the noise, the optimal model was 
selected based on an F-test, with F calculated according to F = [(SS2−SS1)/SS1]⋅[(m−n1)/(n1-n2)], where SSj is the squared sum of the residual from fitting of the minimal 
model (1) and the very minimal model (2), respectively. Moreover, m is the number of signal values, n1 = 5, and n2 = 4. This procedure was repeated for diameters 
between 0.5 µm and 8.0 µm, and the resolution limit was determined as the diameter for which the F-value exceeded a value representing a significance level of 10-4 
for more than 50% of the repetitions. In this way, the resolution limit was determined for five different protocols, optimized for varying values of gmax (Table 1) using 
the Active Imaging (AI) optimization described in [3]. Protocols were also constructed by scaling the AI protocol optimized for gmax = 60 mT/m, by constraining bmax 
(S#1) or by constraining the timing of the diffusion gradients (S#2), in order to test the theoretical predictions that c = 3 for S#1 and c = 2 for S#2, respectively. An 
extra shell of measurements with b = 1 ms/µm2 was added for S#2, however. 

Results: The resolution limit dmin was determined for the AI protocols (Fig. 1A), and by scaling either the timing of the diffusion gradients or the gradient strengths 
while gmax increased (Table 1). Plotting dmin versus gmax showed that it decreased proportional to gmax

-1/c (Fig 1B), with c = 2.2 for AI. The value of c was dependent on 
the optmisation strategy (Table 1).  

Fig. 1 − Comparisons between the fits 
of the very minimal model and the 
minimal model reveals the resolution 
limit. A: The frequency of simulations 
in which the minimal model was selec-
ted over the very minimal model (which 
assumes d = 0 µm), shown for various 
values of gmax from red to blue. The 
dashed line shows the threshold at 
which the resolution limit was deter-
mined. B: The resolution limit is prop-
ortional to gmax

-1/2.2, as determined from 
values of dmin obtained for the five 
different protocols. 

Table 1 − Overview of dmin in units of µm, for 
the Active Imaging protocols (AI), and the two 
sets of protocols optimized by scaling law #1 
and #2. The factor c is shown in the bottom row.  

 AI S#1 S#2 
gmax dmin dmin dmin

60 6.1 6.1 6.1 
140 4.0 4.6 3.8 
200 3.5 4.1 3.2 
300 2.9 3.6 2.7 
400 2.6 3.3 2.4 

c 2.2 3 1.9 
 

Discussion and conclusions: We showed that the resolution limit in diffusion MRI is proportional to gmax
-1/c, with c = 3 for protocols in which bmax is fixed and 

independent of gmax. Increasing bmax as gmax
2 gives c = 1.9, close to the theoretically predicted value of two. For the AI protocols, c = 2.2, which is also close to the 

theoretically optimal value. This suggests that reducing the resolution limit to two microns would require gmax = 700 mT/m. However, pulse sequences other than the 
single pulsed-field gradient sequence assumed herein could further contribute to reducing dmin [5]. We expect that the inverse-square-root scaling would apply also for 
these sequences, but with a lower baseline. A head gradient insert coil and improved pulse sequences could thus potentially allow accurate in vivo axon diameter 
quantification even at the lower limit.  
A limitation of the present study was that the effects of the interplay between the timing of the diffusion gradients, the echo time (TE) and the T2 relaxation was 
ignored. However, such effects were considered in the optimisation of the AI protocols, in which the maximal TE decreased with gmax. Extending the analysis to 
account for the increase in SNR resulting from the shorter TE could, however, further reduce c, possibly to a value below two. In conclusion, the resolution limit in 
model based diffusion MRI scales proportional to the inverse of the maximal gradient strength according to dmin ∝ gmax

-1/2.2 for practically achievable protocols. 
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