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Introduction: Accurate estimation of the intrinsic longitudinal relaxation (T1) values of 
tissues is an important first step for many quantitative MRI applications such as modeling 
contrast bolus dynamics for tumor monitoring and treatment [1].  Variable flip angle (VFA) 
spoiled gradient-recalled echo (SPGR) sequences [2,3], while highly sensitive to transmit 
field (B1

+) inhomogenieties, remain the dominant approach for in vivo T1 mapping since 
most inversion recovery (IR) sequences are too long for routine clinical practice [4].  Inte-
restingly, there has been relatively little work on numerical methods for estimating T1 maps 
from VFA-SPGR image series.  The two most common strategies are Fram et al.’s linear 
approximation [2] and nonlinear least squares (NLLS) estimation [5,6,7].  Although NLLS 
fitting is known to be more accurate than Fram et al.’s method [5,7], when there are more 
than two flip angles, it is also more computationally intensive and consequently often 
avoided.  In this work, we propose a simple optimization strategy for NLLS estimation of T1 
maps from VFA-SPGR image series that greatly reduces its computational burden without 
compromising its accuracy.   
Methods:  Assuming TE<<T2

*<<TR, the steady-state signal for a voxel during a VFA-
SPGR acquisition can be approximated as   
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where M0 is proton density and θ is the flip angle [2,5].  Given a set of signals each acquired 
at a different flip angle (θ∈Θ), determining T1 inherently requires simultaneous estimation 
of M0.  In [2], Fram et al. suggested defining E=exp(-TR/T1) and rearranging (1) as  
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to permit parameter estimation via linear least squares regression (T1=-TR/ln(a), M0=b/(1-
a)).  While straightforward and computationally efficient, this approach tends to perform 
suboptimally [5] since M0 and T1 are not estimated as independent quantities.  Alternatively, 
M0 and T1 can be jointly but independently estimated using the two-parameter NLLS fitting:  
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While there are well-established methods for such multiobjective nonlinear optimization 
problems (e.g., Levenberg-Marquardt (LM) iteration [8]), nonlinear dependencies between 
target variables limit their rates of convergence, and advanced hardware implementations 
are needed to make them computationally practical [7].  However, since (3) is only quadrat-
ic in M0 and so a closed-form expression for its optimizing value (as a function of T1) is: 
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Substituting (4) into (2) then reduces the T1 fitting procedure to a line search, namely: 
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Analogous dimensionality reductions have been used for accelerating T1 estimation from 
spin echo and IR image series [9,10,11], however, this simple manipulation does not appear 
to have ever been used for VFA-SPGR sequences.  Given sufficient signal level, J(T1) will 
be unimodal and (5) can be solved using derivative-free methods like Golden Section 
Search (GSS) [8].  Since there exists a finite range of viable T1 values, GSS is particularly 
attractive since its runtime can be predicted according to maxIter=⎡ln(tol/(b-a))/ln((√5-
1)/2)⎤, where tol is the termination precision and (a,b) is the search window.   
Example: Fig. 1 compares the performance of: 1) Fram et al.’s linearization; 2) NLLS 
fitting via Levenberg-Marquardt iteration; and 3) the proposed accelerated NLLS fitting on 
a VFA-SPGR image series (TR/TE=100ms/10ms,Θ={2o,5 o,10 o,15 o,25 o,35 o,45 o },σ2=200) 
generated by the BrainWeb MRI simulator [12].  All fittings were performed using Matlab 
software (Mathworks, Natick, MA). The proposed strategy with GSS was parameterized as 
a=0, b=5s, and tol=1e-3.  NLLS fitting via LM iteration was performed using Matlab’s 
‘lsqnonlin’ function with explicit Jacobian definition [7] and termination tolerance TolX=1e-3.  After normalization, the relative mean run times for the three estimation 
algorithms were: 1) 1.00; 2) 37.23; 3) 2.90.  Analogously, normalized mean errors for T1 were: 1) 2.19; 2) 1.00; 3) 1.00.  Fig. 1e-f visually confirm these performance 
trends.  The proposed strategy thus reduced NLLS computation by over an order of magnitude without compromising its accuracy.      
Discussion: In this work we have proposed a simple optimization strategy that can significantly reduce the computational burden of the NLLS fitting approach to T1 
map estimation from VFA-SPGR image series, making it computationally competitive with Fram et al.’s linear approximation strategy but with greater fitting precision.  
The proposed model reduction may also facilitate practical incorporation of spatial smoothness priors (e.g., total variation (TV)) into the T1 estimation process, for 
example, by means of operator splitting optimization strategies like that described in [13].   
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Fig. 1: A comparison of Fram et al.’s linear approximation me-
thod (a), nonlinear least squares (NLLS) fitting via Levenberg-
Marquardt iteration (b), and the proposed accelerated NLLS 
fitting (c) for T1  map estimation from a variable flip angle 
SPGR sequence.  (d-f) are corresponding enlargements of the 
left caudate and frontal lobe.  All images were windowed and 
leveled the same.  Note the relatively superior intra-tissue ho-
mogeneity of the NLLS estimations, and also that (b) and (c) are 
visually indistinguishable.  On a dual 6-core 2.66GHz machine 
with 24 Gb memory, the run times for computing the three 
217x181 T1 maps were 5.97s, 222.27s, and 17.31s, respectively.  
Note that the proposed optimization strategy for NLLS fitting 
decreased run time by more than 12x with no observable  loss in 
precision.   
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