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Introduction:  An accurate model for the arterial input function (AIF) is necessary for accurate calculation of perfusion parameters, such as blood flow and vascular 
transfer constant, from perfusion MRI data. Generally the AIF is assumed to take the form of a gamma variate function. However, this neglects the effects of 
recirculation. Here we explicitly consider recirculation to derive a more realistic representation of the AIF.          
Theory:  

 

 

The system is assumed to be stationary and linear, and to be described by three transit time frequency functions h(t), which represent the outflux of a system whose 
influx is an ideally brief bolus of tracer (1). Clearance of tracer is modeled by an exponential term with time constant of 7min (2). 
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 denotes the fraction of tracer which has left the system up to time t and thus, ( ) ( )tHtH −=1* is fraction remaining in the system at time t.   

The residual tracer concentration and output concentration are given by: 
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where ⊗ represents convolution. Using the convolution theorem to solve for y we can show that  
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where F-1 indicates the inverse Fourier transform and ĥ  is the FT of h. Note also that Maclaurin series can be used to expand the final term into multiple recirculations.  
If the time of one recirculation is known, the right number of terms in the expansion can be used. 

Bolus dilution curves h0(t), h2(t) and tissue residue function H1*(t) can be described by gamma functions (3).  Several assumptions about the system are made: flow is 
laminar, Hagen-Poisseuille radial distribution of flow is ignored and the dilution system is divided into equal volumes of tube sections where flow is constant.  
Therefore, h0, h1 and h2 are assumed to have the form: 
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The physiological meanings of parameters are clear according to (3). The first term is a constant describing the amount of indicator present. 

Last step to complete the model is to describe the release and recirculation of the absorbed Gd-DTPA by tissues other than brain.  This has the form of a constant 
infusion with a variable rate.   For simplification and according to the shape of the experimental data, it is assumed that this term has the form of the cumulative 
distribution function λH(t) where λ is a constant, as in spite of variable rate of release into the circulatory system, Gd-DTPA reaches a steady state concentration when 
we account for renal clearance as explained priori.   

Results:  Comparison between this model and FPPM (4) is shown in figure 2.  Lesion parameters for FPPM: ve~3.0% , vp~.3% , Ktrans~.2/min , kep~1.5/min ; lesion 
parameters for EFPPM: ve~2.3% , vp~1.1% , Ktrans~.01/min , kep~.3/min .    
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Figure1. Three compartment model for Gd-DTPA distribution 
kinetics.  Input is a delta function scaled according to the 
amount of Gd injected.  ‘h0’ is the frequency function of 
transit times for veins, heart, pulmonary system, and 
corresponding arteries feeding the region of interest (ROI) in 
the brain; ‘h1’ that of the ROI, and ‘h2’ that of the rest of the 
body to which Gd is transported by the circulatory system on 
its way back to the ROI;  x(t) is the concentration at the output 
of the ROI and y(t) is the residue concentration in the ROI.   Figure2. Comparison of FPPM and new model (EFPPM). 
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