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Introduction 
With the increased availability of brain scanners operating at 3T and 7T, interest is rapidly growing in the contribution of brain iron deposits to contrast in 
high field MRI.1,2 There is a need for easy to use mathematical formulations of this relaxation process that can link the observed MRI consequences of 
brain iron deposits to the physics and biology of the spin diffusion through the microscopic field inhomogeneities that underlie this phenomenon. Monte 
Carlo simulations provide an important means of modeling this process but they require extensive computer programming and extended run times to 
model a single situation. We present a simple expression (Eqn. 1 below), derived from an exactly soluble model, based on the theory of stochastic 
processes and statistical mechanics, which provides a simple, closed form expression that accurately describes this relaxation process. It is applicable 
to a wide variety of field strengths and iron deposition patterns. Predictions for FID relaxation curves from this technique are compared to time 
consuming Monte Carlo simulations and very close agreement is found.  It is likely also likely that this equation can also be applied to BOLD relaxation in 
fMRI and to other MR relaxation processes. Here this formula is used to model the results of a Monte Carlo simulation of iron-dependent contrast. 

Methods  
A Monte Carlo simulation of spins on water molecules diffusing through an array of randomly placed magnetic spheres of various radii (Table 1) was 
carried out using the method described by Jensen, et al.3,4

  FIDs for arrays of magnetic spheres of three different radii were simulated over a period of 
200 msec. There were 1000 spheres in a volume that was 131 μ on a side. It was assumed that the spheres contained iron deposits sufficient to provide 
an overall magnetic susceptibility within the spheres of χ = 0.63 10-5 (MKS) and that the applied field was 1.5 tesla. The random walk consisted of 1000 
time steps in 200 msec and a total of 10000 random walks were simulated to determine each of the FID.  An exact equation describing the stochastic 
behavior of a simple harmonic oscillator subjected to microscopic random forces which produce a random frequency modulation is available in the 
literature.5  This approach is analogous to the treatment of Brownian motion or a random walk on a unit circle. This equation was modified to describe 
the motion of a random ensemble of spins excited to the x, y plane by a π/2 pulse and then allowed to precess about the z-axis in a constant Bo field 
(Eqn. 1). A superimposed microscopic perturbing field corresponds to the field of the magnetized iron deposits and modulates the frequency as the spins 

diffuse past the deposits. The analysis assumes that the frequency of the oscillators is given by the formula ),(1 to ωωω += where ω is the angular 

frequency. The time-dependent term, ω1(t), is a random or stochastic variable with a time average value of zero. The autocorrelation function is 
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Here <ω1
2> = Δ2  measures the strength of the fluctuating forces and the autocorrelation function is assumed here to decay exponentially with a time 

constant, tc,.  In the harmonic oscillator model x(t) is treated as a random stochastic variable and its real part of corresponds to the coordinate and the 
imaginary part to the momentum of the oscillator. Suitably normalized these two parameters move on a circle in phase space.6 If the random modulation 
has a Gaussian distribution, the time decay of x(t) from an initial value of x(0) is given by the simple formula 
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Results and Discussion 
It can be shown, as indicated in Eqn. 1, that this same analysis can be applied to spins diffusing in an inhomogeneous magnetic field by replacing the 
oscillator coordinate and momentum by the x- and y-components of the precessing spins. The above formula for x(t) in this randomized process then 
corresponds to the decay of the FID in the presence of the field inhomogeneities.  As indicated in Figure 2, this simple formula for x(t) accurately 
describes the role of microscopic iron deposits on FIDs and provides immediate insights into the role of parameters such as field strength and the 
concentration and spacing of iron deposits. This simple expression helps to distinguish relaxation effects dependent on the spacing between the iron 
deposits from those determined simply by the total iron concentration. It has been shown that this analysis can be extended to cases of non-Gaussian, 
perturbing forces and to non-exponential decay of the autocorrelation function5. Eqn. 1 predicts that for short times (t<<tc) the FID is not exponential and 
for longer times it becomes exponential with T2* = 1/(αΔ). This methodology should be of major use in pulse sequence design and image analysis. 
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Table 1. Parameters for fitting the Monte Carlo simulations. 

Spherical 
Radius (μ) 

Δ (s-1) tc (sec) a =Δ tc T2* =  1000/(a Δ) 
(ms) 

<ΔB> = 106 Δ /γ  
(μT) 

      
3.85 23.17 0.01 0.232 186 0.087 
4.20 30.65 0.01 0.307 106 0.115 
5.25 58.54 0.01 0.585 29 0.219 
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Figure 2. Simulation results compared with 
the closed form expression. In each case the 
black line is the FID calculated from Equation 1. 
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