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Abstract:

Polar Fourier Transform (PFT) has been used for applicationsin which datais sampled on polar grids, such asin radar imaging'. However it has not seen wide
use in MRI because most of the images are acquired in Cartesian coordinates. For k-space data sampled on non-Cartesian grids, such as those using radial and spiral
sampling schemes, PFT may provide a simple expression for image reconstruction. We demonstrate, in this report, using k-space data sampled concentrically over polar
grids, the advantage of using PFT for image reconstruction to achieve low estimation error. In addition, alookup table can be incorporated to drastically reduce the
computation time.

I ntroduction:

For k-space data sampled over polar coordinate grids, conventional FFT cannot be applied directly without resampling the data points back to the Cartesian grid.
Thisre-gridding procedure often introduces estimation errors to the final result. A method which avoids this intermediate interpolation step was proposed by Higgins et
al.? for Computed Tomography (CT) image reconstruction. In their implementation, a Hankel Transformation was used to achieve the Polar Fourier Transform (PFT)
for the projection data.

We developed and applied PFT to MRI image reconstruction using non-Cartesian sampling. The k-space data was acquired along circular symmetric trajectories.
Traditionally, such data are reconstructed using back-projection or re-gridding (interpolation) methods. In this report, the feasibility and performance of the PFT method
was tested by computer simulation, as well asreal data.

Method:
The continuous Cartesian Fourier transform is given by M &, K} = _|'°° _|'°° Sxyiep (=fkx+ k) )dedy, where k, and k, represent

frequency domain, zy spatial domain, and f{z, ) iz an arbitrary continuous function. To convert it to polar system, let x = rcosf, y = raingd,

ky = paing, ky = poos ¢, where r and & are in spatial domain, p and ¢ in frequency domain. Then the PFT can be expressed as:

Fp,¢) = J’: Iu il r @) exp(—joran(@ + §))d0dr, (1).5ince f#,0) iz periodic in @ with 27, it can be written into Fourler series,

fr.0) =37 Culryexp(jue), whers C,(r) = 12z _l'f J 78 exp (—m) 49, the Fourler coefficients of 7,6 at radius r. So (1) can be written as:
Flp.¢)=2n3"" ap (—]nquj': rC (P, (pridr, (2), whers S, (x) = 12a J’E‘ axp ({nf — xin#))d8. From the n-th order Hankel Transform (HT) of
afunction f{r) F,{p) = H, )} = _[;0 rf T, (prdr, and its inverse transform f7) = _l": pFo(p), (pridp. (2] can be expressed as

Flp.¢) = 253", @p(~nd)Crlp) where Coy(p) = [ rC(r)/y(pridr is HT of Cy(r).

The polar grid dataF(r, @) 1z first rezhaped az a N, =N, matriz with N, and N, representing azimuth and range direction sampling nurmber
respectively. Then FFT is applied in azimuth direction to get C,(r). Next discrete Hankel Transform is used to calculate C,, (o). The final step 1= to
do FFT of Cpyip) to f{p,d). This is the final images in polar coordinats. The imags can also be gotten from F{r, &) through dirsct summation, but it is
not computation sfficient. The total computation complexity for PFT is O{N, My log, N} + 0. 5C{N N, log, N, } + O{N, N log, N, ;. For the
conventional regridding method it is O{N My} + O{N N log, M, W, 1 But J, (pr) can be pre-caloulated to improve the computation spsed. Computer

simulation data and real radial sampled data was reconstructed using PFT and the conventional regridding method to evaluate the reconstructon quality

of PFT.

Result:
The resulting images from PFT were interpolated onto Cartesian coordinates from Polar system for display. Figure 1 shows the computer simulation results,
demonstrating that PFT has | ess estimation errors than the re-gridding method, which can be seen from the central line profile plot in figure c. Ona PC witha 2.4 GHz
CPU, the

— PFT computation took
X L 54.52 seconds for
PFT when the n-th
order Bessel
function of the first
kind was cal culated
directly, and the re-
gridding method
took 4.51 seconds.
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Figure 1. Computer simulation. a), gridding; b), PFT, c), central line profile plot. Figure 2. In vivo data reconstruction. a), gridding; b), PFT. function was saved

as alookup table,
the entire computation for PFT was shortened to 0.52 seconds. For the real data from theradial sampling, results are shown in figure 2. Lower estimation error isagain
achieved with PFT.

Discussion:

Both computer simulation and real data showed that PFT improved spatial accuracy in the reconstructed image. In addition, this method does not require a density
compensation function to be applied in k-space, which is routinely used in the conventional re-gridding al gorithm. The Bessel function J, can be prepared as alookup
table for the same k-space trajectory data to drastically improve the computation speed. Further improvements can be achieved still by adopting fast HT®*. Given the
increased use of spiral imaging, this agorithm can reconstruct spiral images by splitting the spiral k-space data into segments that approximate the circular symmetry.
Such effort is currently underway in our lab.
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